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UNIT – III 
FOURIER SERIES 

Fourier series 
Suppose that a given function f x  defined in ,  (or) 0,2  (or) in any other 

interval can be expressed as  

0

1
cos sin

2 n n
n

af x a nx b nx

The above series is known as the Fourier series for f x  and the constants 

0, , 1,2,3n na a b n  are called Fourier coefficients of f x
Periodic Function:- 
 A function f x  is said to be periodic with period 0T  if for all 

and T is the least of such values 
Example:- (1) sin sin 2 sin 4x x x  the function sin x  is periodic with 
period 2 . There is no positive value T, 0 2T  such that sin sinx T x x

  
(3) The period of sin  
Euler’s Formulae:-

The Fourier series for the function f x  in the interval  is given by 

0

1
cos sin

2 n n
n

af x a nx b nx

Where  

and  

 
 These values of 0 , ,n na a b  are known as Euler’s formulae 
Corollary:-    If f x  is to be expanded as a Fourier series in the interval 0 2x , put  
then the formulae (1) reduces to  

2 2

0 0 0

2

0

1 1 cos .

1 sin .

n

n

a f x dx a f x nx dx

b f x nx dx

Corollary 2:- If f x  is to expanded as a Fourier series in ,  put c , the interval 
becomes x  and the formulae (1) reduces to 
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0

1 1 cos .

1 sin .

n

n

a f x dx a f x nx dx

b f x nx dx

  
Functions Having Points of Discontinuity :- 

In Euler’s formulae for 0 , ,n na a b  it was assumed that f x  is continuous. Instead a 

function may have a finite number of discontinuities. Even then such a function is expressible as 

a Fourier series 

Let f x  be defined by  
    

          
Where 0x  is the point of discontinuity in , 2c c  in such cases also we obtain the Fourier 

series for f x  in the usual way. The values of 0 , ,n na a b  are given by 

 

0

0

0

0

0

0

2

0

2

2

1

1 cos . cos .

1 sin . sin .

x c

c x

x c

n c x

x c

n c x

a x dx x dx

a x nx dx x nx dx

b x nx dx x nx dx

 

Note :- 

(i) 

(ii)  

 
 
Problems:- 
Fourier Series in  

 f x x x

Sol : Let the function x  be represented as a Fourier series 

0

1 1
( ) cos sin 1

2 n n
n n

af x x a nx b nx  
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( cosx nx cosnx  

 

12 2 2cos 1 1 1,2,3.....n nn n
n n n

0 , ,n na a b

 

 f x x x
      Sol: 

x

f x x = 0

1 1
cos sin 1

2 n n
n n

a a nx b nx

0

1 0 2 cos .nx dx

( cosx nx cosnx
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12 2 2cos 1 1 1,2,3.....n nn n
n n

0 , ,n na a b

3. F
axe from x  

2 2 2

1 1 12
sinh 2 1 3 1 4 1

 axe

 

axe = 0

1 1
cos sin 1

2 n n
n n

a a nx b nx  

0

0

1 1 1

1 sinh
2 2

ax a a
ax a a

a a

e e ea e dx e e
a a a

a e e a
a a
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2 2

1 sin cos
axe a nx n nx

a n   
  

π π π

π
π

π
  

0 ,
2 n n
a a and b   

  

  

0x 1a  

2 2 2 2 2 2
2sinh 1 1 1 1 1 1 1 11 2

2 2 2 1 3 1 4 1 sinh 2 1 3 1 4 1
  

 
 
4  
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5. Find the Fourier series of the periodic function defined as 

Hence deduce that 2

2 2 2

1 1 1
1 3 5 8

Sol.   Let 0

1 1
cos sin 1

2 n n
n n

af x a nx b nx  then 

2 2 2
0 2

0 0
0

1 1 1 1 1
2 2 2 2

o xa f x dx dx xdx x  

0

0

2 2 2
0

1 1cos . cos . cos .

1 sin sin cos 1 1 10 cos

o

na f x nx dx nx dx x nx dx

nx nx nxx n
n n n n n

 

 

 

 

 

1 2 3 4
1 13, , 1,

2 4
b b b b  and so  on 

Substituting the values of 0 , n na a and b  in (1), we get 
  

Deduction:- 
Putting 0x  in (2), we obtain   
 Now f x  is discontinuous at 0x  

0 0 0 0 0
10 0 0 0 0
2 2

f and f

f f f

Now (3) becomes
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6. Find the Fourier series of the periodic function defined as 

Sol.   Let 0

1 1
cos sin 1

2 n n
n n

af x a nx b nx
then 

0 0

0 2 2
0

1 1

1 1 1 0 0

o
a f x dx dx dx

x x

0

0

0

1 1cos . cos . cos .

1 sin sin

1 (0) ( sin 0 0,sin 0)

o

na f x nx dx nx dx nx dx

nx nx
n n

nQ

 

 

 

 

Substituting the values of 
0 , n na a and b  in (1), we get  
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∞ ∞

 

 
Sol: 
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4. Expand   as a Fourier Series. 

  Sol:- The Fourier series for the function in (0,2 is given by

 

        =1 
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2 2

0 0

0

1 1cos . 1 cos . (0)cos .

1 sin 0

1 (0) ( sin 0 0,sin 0)

na f x nx dx nx dx nx dx

nx
n

n( sin 0 0( sin 0 0( sin 0 0

 

=  

 

+ +  

5. Obtain Fourier series expansion of  in  and deduce the value of    

 

Sol:-
 

 

 

2f x x 0 2x
2

2 2 2

1 1 1
1 2 3 6
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Deduction:- 
0x  in the above equation we get 

π
π

∞
π

 

=  

=4  

Even and Odd Functions:- 
A function f x  is said to be even if f x f x  and odd if f x f x  

Example:-   2 4 2, 1, x xx x x e e  are even functions 
3, ,sin ,cosx x x ecx  are odd functions 

Note1:-  

1. Product of two even (or) two odd functions will be an even function

2. Product of an even function and an odd function will be an odd function

Note 2:- 0
a

a
f x dx  when f x  is an odd function

0
2

a
f x dx  when  f x  is even function

Fourier series for even and odd functions 

We know that a function f x  defined in ,  can be represented by the 

Fourier series 

0

1 1
cos sin

2 n n
n n

af x a nx b nx

2

2 2 2

1 1 1
1 2 3 6



MATHEMATICS-III                                         FOURIER SERIES            
 

 
DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 12 

 

 Where 0
1a f x dx  

  1 cos .na f x nx dx  

 and  1 sin .nb f x nx dx  

 Case (i):-  when f x  is an even function 

                           
0 0

1 2a f x dx f x dx  

 Since cosnx  is an even function, cosf x nx  is also an even function 

 Hence        

                       
 Since sinnx  is an odd function, sinf x nx  is an odd function 

  
1 sin . 0nb f x nx dx  

 If a function f x  is even in , , its Fourier series expansion contains only 
cosine terms 

0

1
cos

2 n
n

af x a nx

Where 
0

2 cos . , 0,1,2,na f x nx dx n  

Case 2:- when  f x  is an odd function in ,  

 0
1 0a f x dx  Since f x  is odd 

Since cosnx  is an even function, cosf x nx  is an odd function and hence 

 
1 cos . 0na f x nx dx  

Since sinnx  is an odd function; sinf x nx  is an even function

 

             

  
Thus, if a function f x  defined in , is odd, its Fourier expansion contains only 
sine terms 

Where 
0

2 sin .nb f x nx dx  

Even and Odd Functions:- 
Problems:- 
1. Expand the function 2f x x  as a Fourier series in , hence deduce that 
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(i) 2

2 2 2 2

1 1 1 1
1 2 3 4 12

 

Sol. Since 2 2f x x x f x  
 is an even function        
Hence in its Fourier series expansion, the sine terms are absent 

   
1n

 

 Where     ……  

 

 --------------  
Substituting the values of 0 na and a  from (2) and (3) in (1) we get 

12 2
2

2 2
1 1

2

2 2 2

14 1 cos 4 cos
3 3

cos2 cos3 cos44 cos 4
3 2 3 4

n
n

n n
x nx nx

n n
x x xx

 

Deduction:-   Putting 0x  in (4), we get 

 
2 2

2 2 2 2 2 2
1 1 1 1 1 10 4 1 1

3 2 3 4 2 3 4 12
 

2. Find the Fourier series to represent the function sin ,f x x x  
Sol:   Since sin x  is an even function,         0nb for all n  
 Let 0

1
sin cos 1

2 n
n

af x x a nx
 

 Where         
 

 

            and   
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1 1
11 1 1 11 1 1 1 1 11

1 1 1 1 1 1

n n
n

n n n n n n

     

   

  

 For        

        

Substituting the values of 
0 1, na a and a  in (1)   We get 

2
2,4,

2 4sin cos
1n

x nx
n

 

  2 2
2,4 1

2 4 cos 2 4 cos2
1 4 1n n

nx nx
n n

(Replace n by 2n) 

Hence 2 4 cos 2 cos 4sin
3 15

x xx

2 2 2 2 2 2

2sin sin 2sin 2 3sin 3, sin ..3.  
2

 ....
1 3

a x x xx ax
a a

Show that f
a

or

    (a is not an integer) 
 Sol: - As sin ax is an Odd function. It’s Fourier series expansion will consist of sine terms only  

1
sin sinn

n
ax b nx

------------- (1) 

Where 0 0 0

2 2 2( )sin sinax.sin [cos( ) x cos(a n) x]nb f x nx dx nx dx a n dx

[ 2sin sin cos(A B) cos(A B)]A B[ 2sin sn s

0

1 sin( ) sin( )

1 sin a cos n cos sin n sina cosn cos a sin n

n
a n x a n xb

a n a n

a n a n
 

1 sin a .cos n sin .cos sin 0n
a nb n

a n a n
ssinsinsinsin  

2 2 2 2

1 1 1 1 ( 1) 2sin cos sin ( 1) sin
( )

n
n a n a n na n a a

a n a n a n a n  
Substituting these values in (1), we get 
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1

2 2 2 2
1 1

2 2 2 2 2 2

2sin ( 1) 2sin ( 1)sin sin sin
( ) ( )

2sin sin 2sin 2 3sin 3 ......
1 2 3

n n

n n

a n a nax nx nx
a n n a

a x x x
a a a

4. Find the Fourier series to represent the function  .
Sol:- since sin x  is an odd function 
Let 

 

(n   

If n=1   

 

2 2 2 2 2 2

2sink sin 2sin 2 3sin 3, sink ..... 
3

 .
1 2

5. x x xxShow t x
k

hat for
k k

  (k is not an integer) 
Sol: - As sin kx is an Odd function. 

 It’s Fourier series expansion will consist of sine terms only  

1
sin k sinn

n
x b nx

------------- (1)

Where 0 0 0

2 2 2( )sin sin kx.sin [cos(k ) x cos(k n) x]nb f x nx dx nx dx n dx

[ 2sin sin cos(A B) cos(A B)]A B[ 2sin ss

0

1 sin(k ) sin(k )

1 sin cos n cos sin n sink cosn cos sin n

n
n x n xb

k n k n
k k

k n k n
 

1 sin .cos n sink .cos sin 0n
k nb n
k n k n

ssinsinsinsin  

2 2 2 2

1 1 1 1 ( 1) 2sink cos sin k ( 1) sink
(k )

n
n k n k n nn

k n k n k n n  
Substituting these values in (1), we get 
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1

2 2 2 2
1 1

2 2 2 2 2 2

2sink ( 1) 2sink ( 1)sink sin sin
(k ) ( )

2sink sin 2sin 2 3sin 3 ......
1 2 3

n n

n n

n nx nx nx
n n k

x x x
k k k

 

Half –Range Fourier Series:-  
1) The sine series:- 

1
sinn

n
f x b nx

0

2 sin .nwhere b f x nx dx  

2) The cosine series:- 

 0

1
cos

2 n
n

af x a nx
 

0 0

2where a f x dx and  

 
0

2 cos .na f x nx dx  

Note:-  
1) Suppose 0,f x x in .It can have Fourier cosine series expansion as well as Fourier 

sine series expansion in 0,  
2) If 2 0,f x x in  can have Fourier cosine series expansion as well as Fourier  sine 

series expansion in 0, . 
Half –Range Fourier Series:-  
Problems:  

1. Find the half range sine series for .   

Deduce that 
3

3 3 3 3

1 1 1 1
1 3 5 7 32

 

Sol.   The Fourier sine series expansion of f x  in 0,  is  
 

Where    

2

0

2 sin .x x nx dx  

  

2
2 3

0

3 3

2 cos sin cos2 2

2 2 41 cos 1 1 n

nx nx nxx x x
n n n

n
n n

 

  
3

0,
8 ,n

when n is even
b

when n is odd
n
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 Hence 

3 3 3
1,3,5...

8 8 sin3 sin5sin sin 1
3 5n

x xx x nx or x x x
n

 

Deduction:-  
  Putting 

2
x  in (1), we get

 
 

 

      (or)  

2.Find the half- range sine series for the function 0,
ax ax

a a

e ef x in
e e  

Sol. Let 
     

  

 

 

 

Substituting (2) in (1), we get    
   

Fourier series of  defined  in  

 It can be seen that role played by the functions 

 1,cos ,cos 2 ,cos3 ,.....sin ,sin 2 .........x x x x x  

In expanding a function f x  defined  in   as a Fourier series, will be played by  

 

2 31,cos ,cos ,cos ,.....

2 3sin ,sin ,sin ,.....

x x x
e e e

x x x
e e e

 

 In expanding a function f x  defined in , 2c c l  
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Fourier series of  defined in : 

Let f x  be defined in 0,2l  and be periodic with period 2l . Its Fourier series expansion is 

defined as    

Where 

.  

Fourier Series Of  Defined In   

Let f x  be defined in ,l l  and be periodic with period 2l . Its Fourier 

series expansion is defined as 

0
1

1 cos sin
2 n n

n

n x n xf x a a b
l l

1 cos
l

n l

n xwhere a f x dx
l l

1 sin
l

n l

n xb f x dx
l l

Fourier series for even and odd functions in :- 

Let f x be defined in ,l l . If f x  is even cos n xf x
l

 is also even 

 

 

And  
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Hence if f x  is defined in ,l l  and is even its Fourier series expansion is given by 

0
1

0

1 cos
2

2 cos

n
n

l

n

n xf x a a
l
n xwhere a f x dx

l l
If f x  is defined in ,l l and its odd its Fourier series expansion is given by 

0
1

2sin sin
l

n n
n

n x n xf x b where b f x dx
l l l

 

Note:-  In the above discussion if we put 2 2 ,l l  we get the discussion regarding 
the intervals 0,2  and ,  as special cases 

Fourier series of  defined  in  
Problems:- 

1.Express 2f x x  as a Fourier series in ,l l
Sol:  Since 

Therefore f x  is an even function 
Hence the Fourier series of f x  in ,l l  is given by 

0
0

1

2cos cos
2

l

n n
n

a n x n xf x a where a f x dx
l l l

 

 Hence 

 

2
2 2 3 3

2 3
0

sin cos sin2 2 2

l
n x n x n x

l l lx xn n nl
l l l

=
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22

2 2 2 2 2 2 2

1 42 cos 4 cos2
/

n

n
ln l na l

l n l n n

Substituting these values in (1), we get 
122 2 2

2
2 2 2 2

1 1

2 2

2 2 2 2

1 4 14cos cos
3 3

cos / cos 2 / cos 3 /4
3 1 2 3

n n

n n

ll n x l l n xx
n l n l

x l x l x ll l

 
2. Obtain Fourier series for f(x) = x3 in [-1, 1].

Sol:  The given function is x3 which is odd 
ao=, an=0, bn= bn =  = 

  =2

  = 2

f(x) =  +  +  + 
3. Find a Fourier series with period 3 to represent 2 0,3f x x x in

Sol. Let 0

1
cos sin 1

2 n n
n

a n x n xf x a b
l l

 

 Here 2 3, 3 / 2l l  Hence (1) becomes 

2 0

1

2 2cos sin 2
2 3 3n n

n

a n x n xf x x x a b  

32 32 3 2
0 0 0

0

1 2 2 9
3 3 2 3

l x xWhere a f x dx x x dx
l

 

2 3 2

0 0

1 2 2cos cos
3 3n

n x n xand a f x dx x x dx
l l

 

Integrating by parts, we obtain

 

 Finally 2

0

1 sin
l

n
n xb f x dx

l l
3 2

0

2 2 12sin
3 3

n xx x dx
n

Substituting the values of a’s and b’s in (2) we get 
2

2 2
1 1

9 9 1 2 12 1 2cos sin
2 3 3n n

n x n xx x
n n  
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Half- Range Expansion of :- 

Some times we will be interested in finding the expansion of f x  defined in 0,l  in 
terms of sines only (or) in terms of cosines only. Suppose we  want the expansion of f x  in 
terms of sine series only. Define 1f x f x  in 0,l  and 1 1f x f x n  with 

1 12f l x f x , 1f x  is an odd function in ,l l . Hence its Fourier series expansion is 
given by 

1
1

1

10

sin

2

n
n

n

n xf x b dx
l

where b f x dx
l

The above expansion is valid for ,x in l l  in particular for 0,x in l , 

1f x f x  and 1
1

sinn
n

n xf x b dx
l

 where 0

2 sin
l

n
n xb f x dx

l l  

This expansion is called the half- range sine series expansion of f x  in 0,l . If we 
want the half – range expansion of f x  in 0,l , only in terms of cosines, define 1f x f x
in 0,l  and 1 1f x f x  for all x with 

1 12f x l f x .
Then 1f x  is even in ,l l  and hence its Fourier series expansion is given by 

0
1

10

cos
2

cos

n

l

n

a n xf x a
l

n xwhere a f x dx
l l

The expansion is valid in ,l l  and hence in particular on 0,l , 

1f x f x  hence in 0,l   

0
1

1 cos
2 n

n

n xf x a a
l

 Where 
1

0

2 cosn
n xa f x dx

l l  

1. The half range sine series expansion of 
1

sinn
n

n xf x b
l  in  is given by 

 Where 
1

0

2 sinn
n xb f x dx

l l
2. The half range cosine series expansion of 0,f x in l  is given by
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0

1

0

1 cos
2

2 cos

n
n

l

n

n xf x a a
l
n xwhere b f x dx

l l

 

Problems:- 
 

1. Find the half- range sine series of 1 0,f x in l  
 

Sol:      The Fourier sine series of 0,f x in l  is given by 
1

1 sinn
n

n xf x b
l

 

   

  
1

0

0

cos2 2 2 2cos cos 1 1 1
/

l

l
n

n x
n xl n

l n l n l n n
 

  
nb  4

n
 

         Hence the required Fourier series is 
1,3,5

4 sin
n

n xf x
n l  

 

2. Find the half – range cosine series expansion of sin xf x
l

 in the range 

0 x l  
Sol :   The half-range Fourier Cosine Series    is given by 

 

Where   

 
and       

                    

  

      
When n is odd 1 1 1 1 1 0

1 1 1 1na
n n n n
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When n is even  

 

If  

from equation(1) we have  
3. Obtain the half range cosine series for f(x) = x – x2, 0

Sol:The half range cosine series for f(x) in 0  is given by 
f(x) =   +  cos nnnnn x 

Where ao = = 2 = 2 

 = 2 

= 2 = 2  = 2 

 The cosine series of f(x) is given by, 

  +    =   - 

4. Obtain the half range sine series for ex in 0<x<1.
Sol:  The sine series is

  Where bn = 

 = 2  =  [ ]

  =  [ =  [

 2
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UNIT-III 

FOURIER TRANSFORMS 

Dirichlet’s condition : 

A function f(x) is said to satisfy dirichlets conditions in the interval (a,b) if 

(i) f(x) defined and is single valued function except possibly at a finite number of points in

the interval (a,b) and

(ii) f(x) and f1(x) are piecewise continuous in(a,b)

Fourier Integral Theorem:

If f x  is defined in , and satisfies Dirichlet’s condition,  thenl l

0

1 cos .f x f t t x dt d

Fourier Sine Integral: 

The Fourier sine integral for f(x) is given by 

0 0

2 sin sin .f x x f t tdt d

Fourier Cosine Integral: 

The Fourier cosine integral for f(x) is given by 

0 0

2 cos .cos .f x x f t t dtd

1. Using Fourier integral show that
2 2

2 2 2 20

2 sin , 0, 0ax bx
b a xe e d a b

a b

Sol. Since the integral on R.H.S contains sine term use Fourier sine integral formula. 

We know that the F.S.I for f(x) is given by. 

0 0

2 sin sin . . .. 1f x x f t t dt d  

Here ;ax bxf x e e
   

at btf t e e
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0 0

2 sin sinax bx at bte e x e e t dt d
 

0 0 0

2 sin sin sinat btx e t dt e tdt d  

2 2 2 20
0

2 sin sin cos sin cos
at bte ex a t t b t t d

a b
 

2 2 2 20

2 sin x d
a b 2 2 2 20

2 1 1sin . .x d
a b

 

2 2

2 2 2 20

2 sin .
b a

x d
a b

 

2 2

2 2 2 20

2 .sinax bx
b a xe e d

a b
 

Hence proved 

2.    Using Fourier Integral, show that
0

01 cos .sin 2
0,

if x
x d

if x

 

Sol.    Since the integral on R.H.S. contains the sine term we use Fourier Sine Integral  formula. 

The Fourier Sine Integral  for f(x) is given by. 

0 0

2 sin .sin .f x x f t t dt d --------------------- (1) 

Let , 0
2
0,

x
f x

x

----------------------------(2) 

Using (2) in (1), we get 

0 0

2 sin . sin sinf x x f t t dt f t t dt d  

0 0

2 sin . .sin
2

x t dt d   
0

0

2 1sin . .cos
2

x t d  

0

2 sin cos 1
2

x d
0

2 1 cossin
2

x d  

0

1 cos
sinf x x d

0

1 cos , 0
.sin 2

0,

x
or xd

x

 



MATHEMATICS-III                                                             FOURIER TRANSFORMS     
 
 

 
DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 26 
 

3. Express  as a Fourier cosine integral and hence 

evaluate ∞  

Sol:- Fourier cosine integral of f(x) is given by  
∞ ∞

 

 

 
∞ = ∞ = ∞  

         ∞ f(x)   =  

At   x=   which is a point of discontinuity of f(x) ,the value of the above integral 
∞

 

 

FOURIER TRANSFORM OR COMPLEX FOURIER TRANSFORM 

 

The Infinite Fourier Transform of f(x) : 

The Fourier transform of a function f(x) is given by. 

. ipxF f x F p f x e dx  

The inverse Fourier transform of F(p) is given by. 

1 1 .
2

ipxf x F F p F p e dp  

Fourier sine Transform: 

The Fourier sine Transform of a function f(x) is given by 

0
.sins sF f x F p f x pxdx  

The inverse Fourier sine Transform of Fs (p) is given by  

1

0

2 .sins s sf x F F p F p px dp
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Fourier cosine Transform: 

The Fourier cosine Transform of a function f(x) is given by 

0
.cosc cF f x F p f x pxdx  

The inverse Fourier cosine Transform of Fc(p) is given by 

1

0

2( ) .cosc c cf x F F p F p px dp  

Problems: 

1. Find the Fourier transform of f(x) defined by 
2 ,

0,
x x a

f x
x a

 

Sol.  We have 
1
2

ipxF f x e f x dx  

1 1
2 2

a a
ipx ipx ipx

a a

e f x dx e f x dx e f x dx
 

2
2 3

1 2 2
2

aipx
ipx ipx

a

e iF f x x xe e
ip p p

 

2

2 3
1 2 2
2

ipa ipa ipa ipa ipa ipaa a ie e e e e e
ip p p  

2

2 3
1 2 sin 4 4cos sin
2

a ap a ax ap
p p p

 

2.  Find the Fourier transform of f(x) defined by 
1,
0,

x a
f x and

x a hence evaluate       

                
0

sin sin .cos.p ap pxdp and dp
p p  

Sol.  We have ipxF f x e f x dx  
a a

ipx ipx ipx

a a

e f x dx e f x dx e f x dx (1)
a

ipx

a

e dx  
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2 2sin.
2

aipx ipa ipa ipa ipa

a

e e e e e pa
ip ip p i p

2sin paF f x F p
p  

We know that ipxF p e f x dx  

Then by the inversion formula, 

1 .
2

ipxf x e F p dp 1 2sin.
2

ipx pae dp
p  

1 2sin . cos sin
2

ap px i px dp
p

1 sin sincos sinap i appx dp px dp
p p  

1 sin cosap px dp
p    

[Since thesecond integralis an odd] 

or
 

1,1 sin cos
0,

x aap px dp
x ap  

,sin cos
0,

x aap px dp
x ap  

If x=0 and a=1, then 

0 0

sin sin sin2
2

p p pdp or dp or dp
p p p  

Note: 
0

sin
2

xdx
x  

3.  Find the Fourier transform of f(x) defined by 

21 , 1
0, 1
x x

f x
x  

Hence evaluate
3 30 0

cos sin cos sin( ) cos ( )
2

x x x x x x xi dx ii dx
x x  

Sol.  We have ipxF f x e f x dx
1 1

1 1

ipx ipx ipxe f x dx e f x dx e f x dx
 

          
1 2

1
1 . ipxx e dx

1
2

2 2 3 3

1

1 2 2 ipx

x

x x
e

ip i p i p 2 3 2 3

2 2 2 2ip ipe e
p ip p ip  

2 3

2 2ip ip ip ipe e e e
p ip 2 3

4 4
2 2

ip ip ip ipe e i e e
p ip i 2 3

4 4cos sinp p
p p  
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3

4 sin cosp p p F p
p  

Second Part: By inversion formula, we have 

i. 
1 .

2
ipxf x e F p dp

 
2

3

1 , 14 sin cos1 .
0, 12

ipx x xp p p
e dp

xp
…………………(1) 

Putting 1 (1),
2

x in we get
 

 

2
3

1 3cos sin
8

pior p p p e dp
p  

3

1 3cos sin cos sin2 2 8
p por p p p i dp

p  

 

3

cos sin 3.cos 2 8
p p p por dp Equating real parts

p  

30

cos sin 32 .cos [sinceintegraliseven]2 8
p p p por dp

p  

30

cos sin 3cos
2 16

x x x xor dx
x  

ii.    Putting 0 (1),x in we get
 

3

1 4 sin cos 1
2

p p p dp
p 3

sin cos
2

p p por dp
p  

 

30

sin cos2 [ ]
2

p p por dp Integral is even
p

Integral[ 30

cos sin
4

p p por dp
p  

30

cos sin
4

x x xor dx
x  

2
3

1 34 sin cos 11 . 4 4
2 0

pi p p p
e dp

p
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4. Find the Fourier Transform of f(x)=  

      By definition 1 1 1.
2 2 2

bb ipx
ipx ipx

a a

eF f x f x e dx e dx
ip

 

                 = 1
2

ibx iaxe e
ip

 

  5. Find the Fourier Transform of f(x) defined by 

2

2 ,
x

f x e x  or, 

    Show that the Fourier Transform of 

2

2
x

e is reciprocal. 

Sol.   We have 

2

2. .
x

ipx ipxF f x f x e dx e e dx
 

          
2 22 21 1

2 2 2 2
p px ip x ip

e e dx e e dx
 

             Put 
2 21 1 2

22
x ip t sothat x ip t and dx dt

 

              
2 2

2 2
2 22 2.

p p
t tF f x e e dt e e dt

 

               
2

2
22.

p
te e dtQ

2

22 .
p

e

6.  Find the Fourier Transform of f(x) defined by 

, ,
0, 0,

iqx ikxe x e a x b
f x or f x

x and x x aand x b
  

Sol.   We have ipxF f x e f x dx
 

ipx ipx ipxe f x dx e f x dx e f x dx
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( ).ipx iqx i p q xe e dx e dx
1 i p q i p q

i p q x e ee F p
i p q i p q

 
 
The finite Fourier sine and cosine Transforms: 
 The finite Fourier sine transform of f(x) when 0<x<l, is defined as 

0
.sin ( )

l

s s
n xF f x f x dx F n

l  
Where n is an integer.  
The inverse Fourier sine transform of Fs (n) is given by 

1

2 .sins
n

n xf x F n
l l  

 The finite Fourier cosine transform of f(x), when 0<x<l, is given by 

0
.cos ( )

l

c c
n xF f x f x dx F n

l  
Where n is an integer.  
The inverse Fourier sine transform of Fc (n) is given by 

1

2 .cosc
n

n xf x F n
l l  

1

1 20 .cosc c
n

n xf x F F n
l l l  

 

PROBLEMS RELATED TO INFINITE FOURIER  

SINE AND COSINE TRANSFORMS:    

1.     Find the Fourier cosine transform of the function f(x) defined by cos , 0
0,

x x a
f x

x a  

Sol. We have 
0

.coscF f x f x pxdx
0

cos cos
a

a
f x pxdx f x pxdx

 

0
cos .cos

a
x pxdx

0

1 2cos .cos
2

a
px xdx

0

1 cos 1 cos 1
2

a
p x p x dx

 

0

1 1 1sin 1 sin 1
2 1 ( 1)

a

p x p x
p p

sin 1 sin 11
2 1 1

p a p a
p p  

 

 

2.     Find the Fourier sine transform of f(x) defined by sin , 0
0,

x x a
f x

x a  
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Sol. We have 
0

.sinsF f x f x pxdx
 

0
.sin sin

a

a
f x pxdx f x pxdx

0 0

1sin sin 2sin .sin
2

a a
x pxdx x px dx

 

0

1 cos 1 cos 1
2

a
p x p x dx

0

sin 1 sin 11
2 1 1

a
p x p x

p p  

sin 1 sin 11
2 1 1

p a p a
p p  

 

3. Find the Fourier  cosine transform of  3 22 3x xe e  

We have 3 2

0 0
cos 2 3 cosx x

cF f x f x pxdx e e pxdx
 

3 2

0 0
2 3 cosx xe cos pxdx e pxdx

 
3 2

2 2
0 0

2 3cos sin 3 2cos sin
9 4

x xe epx p px px p px
p p  

2 2
1 12 3 3 2

9 4p p 2 2

6 6
25 4p p  

4.  Find Fourier cosine and sine transforms of , 0axe a and hence deduce the inversion 

formula (or) deduce the integrals  2 2 2 20 0

cos sin. .px p pxi dp ii dp
a p a p  

Sol. Let axf x e
 

We have 
0

coscF f x f x pxdx
 

2 20
0

.cos cos sin
ax

ax ee px dx a px p px
a p  

2 2 2 2

1 (1) (0) c
aa p F p

a p a p and 
0

sinsF f x f x pxdx  

2 20
0

.sin sin cos
ax

ax ee px dx a px p px
a p 2 2 2 2

1 0 1 s
pa p F p

a p a p  

Deduction: i. Now by the inverse Fourier cosine Transform, we have 
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0

2 .coscf x F p px dp
 

 

 

2 20

2 cosax ae px dp
p a 2 20

2 cosa px dp
a p 2 20

cos
2

axpxor dp e
a p a  

ii.     Now by the inverse Fourier sine transform, we have 

0

2 .sin .sf x F p px dp     
2 20

2 sinax pe pxdp
a p  

2 20

sin
2

axp pxor dp e
a p  

5.      Find the Fourier sine and cosine transform of  5 22 5x xe e
 

Sol.     Let 5 22 5x xf x e e
 

i.    The Fourier sine transform of f(x) is given by

5 2

0 0
sin 2 5 sinx x

sF f x f x pxdx e e pxdx
 

5 2

0 0
2. .sin 5 .sinx xe pxdx e pxdx

 
5 2

2 2
0 0

2. 5sin cos 5 2sin cos
25 4

x xe epx p px px p px
p p  

2 2

1 12. 5
25 4

p p
p p 2 2

2 5
25 4

p p
p p  

ii.    We have 5 2

0 0
cos 2 5 cosx x

cF f x f x pxdx e e pxdx
 

5 2

0 0
2 5 cosx xe cos pxdx e pxdx

 
5 2

2 2
0 0

2 5cos sin 5 2cos sin
25 4

x xe epx p px px p px
p p  

2 2

1 12 5 5 2
25 4p p 2 2

10 10
25 4p p  
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6.      Find the Fourier sine Transform of xe  and hence evaluate 20

sin
1

x mxdx
x  

Sol.     Let 
xf x e

 
We have 

0
sinsF f x f x pxdx

0
sinxe pxdx

 

0
sin 0,xe pxdx x xinQ

 

2
0

sin cos
1

xe px p px
p

2 2

1
1 1 s

pp F p
p p  

Now by the inverse Fourier sine transform, we have 

0

2 sinsf x F p px dp
20

2 sin
1

x pe pxdp
p  

Chang x to m on both sides 

20

2 sin
1

m p pme dp
p 20

2 sin ,
1

x mx dx where p is replaced by x
x

   

20

sin
1 2

mx mx dx e
x  

7.     Show that the Fourier sine transform of 
, 0 1

2 , 1 2
0, 2

x for x
f x x for x

for x

is
2

2sin . 1 cosp p
p  

Sol.     By definition, 
0

sinsF f x f x pxdx
 

1 2

0 1 2
.sin sin sinf x pxdx f x pxdx f x pxdx

 
1 2

0 1
.sin 2 .sinx pxdx x pxdx

 
21

2 2
0 1

2 11cos sin cos sin
xx px px px px

p p p p  

2 2 2
cos 1 1 cos 1sin sin 2 sinp pp p p
p p p p p  
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2 2 2

2sin 1 cos2sin sin2 2sin 2sin cos p pp p p p p
p p p  

 

 

8.     Find the Fourier cosine transform of f x defined by , 0 1
2 , 1 2

0, 2

x x
f x x x

x

 

By definition, 
0

coscF f x f x pxdx
 

1 2

0 1 2
.cos cos cosf x pxdx f x pxdx f x pxdx

 
1 2

0 1
.cos 2 .cosx pxdx x pxdx

 
21

2 2
0 1

2 11sin cos sin cos
xx px px px px

p p p p  

2

2 2 2 2 2 2
sin cos 1 sin 1 sin cos 1 2 sin 2cos cos2cos2 cos 2 2 cos2p p p p p p p p pp p p

p p p p p p p p p  

9.  Find the inverse Fourier cosine transform f x of 

1 , 2
2 2

0, 2
c

pa when p a
F p a

when p a
 

Sol.     From the inverse Fourier cosine transform, we have  

0

2 .coscf x F p px dp
 

2

0 2

2 1 cos 0.cos
2 2

a

a

pa pxdp pxdp
a  

2

0

2 1 cos
2 2

a pa px dp
a

2

2

0

1 12. .sin cos
2

a

p

pa
px px

a x x  

2 2

1 1 10 cos 2
2 2

ax
a x x

2 2

2 2 2

1 sin sin1 cos 2 2
2 2

ax axax
a x a x a x  

10. Find the Fourier cosine transform of ( ) cos ( ) sinax axa e ax b e ax   
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Sol.     (a). Let  cos .axf x e ax Then
 

0
.coscF f x f x pxdx

 

0 0

1cos cos .2cos .cos
2

ax axa ax px dx e px ax dx
 

0

1 cos cos
2

axe p a x p a x dx
 

0 0

1 cos cos
2

ax axe p a x e p a x dx
 

2 22 2
0 0

1 cos sin cos sin
2

ax axe ea p a x p a p a x a p a x p a p a x
a p a a p a

 

2 22 2

1 1 1.1 1
2

a a
a p a a p a  

2 22 2

2 2 2 22 2 2 2

1
2 2 .

a p a a p aa a a
a p a a p a a p a a p a  

2 2 2 2 2

2 2 2 22 2 2 2

2 2 2
2 . .

a a p a a pa
a p a a p a a p a a p a  

 

b.     Let  sinaxf x e ax Then
 

0
coscF f x f x pxdx

 

0 0

1.sin cos 2cos sin
2

ax axe ax px dx e px ax dx
 

0

1 sin sin
2

axe p a x p a x dx
 

2 22 2
0 0

1 sin cos sin cos
2

ax axe ea p a x p a p a x a p a x p a p a x
a p a a p a  
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2 2 2 2 2 22 2 2 2 2 2

1 1 1
2 2 2

p ap a p p a a
a p a a p a p p a p p a p p a a p a

2 2

2 2 2 22 2 2 2

2 24
2 2.

p aapp a
p p a p p a p p a p p a  

2 22

2 2 2 22 2 2 2

22
. .

a p aap
p p a p p a p p a p p a  

Note: ( ) .s c
di F x f x F p
dp  

          ( ) c s
dii F x f x F p
dp

 

11. Find the fourier sine transform of  

Sol:the fourier sine transform of the given function f(x)=  

0 0

2 2 1.sin .sinsF f x f x pxdx pxdx
x

   put px=t  dx= ∞  

∞   = ∞  

12.  Find the Fourier sine and cosine transform of 
axxe   

Sol.     Let  
axf x e

 
Fourier sine Transform: 

We know that s c c
d dF x f x F p F f x

dp dp  

. ax ax
s c

dF x e F e
dp 22 2 2 2

1 .2d a a p
dp p a p a

22 2

2ap

p a  

Fourier cosine Transform: 

We know that .c s s
d dF x f x F p F f x
dp dp  

2 2. ax ax
c s

d d pF x e F e
dp dp p a =

2 2 2 2

2 22 2 2 2

.1 . 2p a p p a p

p a p a  
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13.  Find the Fourier sine transform of 
2 2

x
a x

 and Fourier cosine transform of 
2 2

1
a x

 

Sol.     Fourier sine transforms: 

We have 2 2
ax

s s
pF e F p

a p  

The inverse Fourier sine transforms of 
axe  is 2 20 0

2 2.sin sinax
s

pe F p pxdp pxdp
a p  

2 20

sin
2

axp pxor dp e
a p

  

Changing p to x and x to p, we get 

2 20
sin

2
apx xp dx e

a x  

Hence 2 2 2
ap

s
xF e

a x  
Fourier cosine Transform: 

We have 2 2
ax

c c
aF e F p

p a  

The inverse Fourier cosine transform of 
axe is

 

0

2 .cosax
ce F p px dp

2 20

2 cosa px dp
p a 2 20

1 cos
2

axor pxdp e
p a a  

 
Changing p to x and x to p

 
2 20

1 cos . .
2

apxp dx e
x a a  

Hence 2 2

1 .
2

ap
cF e

x a a  
 
 

14.  Find the Fourier sine and cosine transform of 
axef x

x
 and deduce that  

1 1

0
sin

ax bxe e s ssxdx Tan Tan
x a b

 

Sol.     Fourier Sine Transforms: 
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We have 
0

.sinsF f x f x pxdx
 

 

0
.sin

axe px dx
x  

0
.sin

ax

s
eF f x px dx
x  

Differentiation w.r.t ‘p’, we get 

0
sin

ax

s
d d eF f x pxdx
dp dp x  

0
.sin

axe px dx
p x 0

. .cos
axe x pxdx

x  

0
.cosaxe pxdx

2 2
0

cos sin
axe a px p px

a p  

2 2s
d aF f x
dp p a  

Integrating w.r.t. p  

2 20s
aF f x dp

p a
1 pTan c

a  
If p=0 then 0 0sF f x and c

 
1 0s

pF f x Tan if pa  
1 . 0

ax

s
e por F Tan if pax    

………………. (1) 

Deduction: We know that the Fourier sine transform of f(x) is given by 

0
sinsF f x f x pxdx ……………….(2) 

Suppose let 
ax bxe ef x

x ……………….(3) 

 
Using (3) in (2), we get 

0 0 0
sin .sin .sin

ax bx ax bxe e e epxdx pxdx pxdx
x x x  
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ax bx

s s
e eF F
x x

1 1 using (1)p pTan Tana b  

1 1

0
sin

ax bxe e s sor sxdx Tan Tana bx
 

 
 
 
 
 
 
Fourier Cosine Transform: 
 

We have 2 2
ax

c c
aF e F p

p a  
The inverse Fourier cosine transform of axe is

  

0

2 .cosax
ce F p px dp

2 20

2 cosa px dp
p a 2 20

1 cos
2

axor pxdp e
p a a  

Changing p to x and x to p 

2 20

1 cos . .
2

apxp dx e
x a a  

Hence 2 2

1 .
2

ap
cF e

x a a  
 

15.   Find the finite Fourier sine & cosine transform of f(x), 

 defined by f(x)=2x, where 2o x  

Sol.     We have 
0

.sin
l

s

n x
F f x f x dx

l
 

2

0
2 .sin

2
nxx dx

2

2
0

2 42 . .cos sin
2 2
nx nxx

n n 2

4 42 cos sinn n
n n  

     

 

 

8 cos n
n

18 1 ( )n
sF n

n

0
.cos

l

c
n xAlso F f x f x dx

l
2

0
2 .cos

2
nxx dx

2

2
0

2 42 . .sin cos
2 2
nx nxx

n n
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16.   Find the finite Fourier sine transform of f(x), defined by f(x) =2x, where  

Sol:-The finite fourier sine transform of f(x) in 0<x<l  

       
0

.sin
l

s

n x
F f x f x dx

l
 Here f(x) = 2x and l=4  

4

0
2 .sin

4
n xx dx

4 4

00

4 42 cos 2 cos
4 4

n x n xx dx
n n

 

 

 
4 4

2 2
0 0

8 32 32 32cos sin (cos 0) 0 ( 1)
4 4

nn x n xx n
n n n n

 

  17.  Find the inverse finite sine transform f(x) if 
 

Sol.     From the inverse finite sine transform, we have 

 

 18.  Find the inverse finite cosine transform f(x), if 

 

Sol.     From the inverse finite cosine transform, we have 
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